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INTRODUCTION 

RECENT works in the mathematical theory of liquid crystals lead to the consideration of the 
following variational problem 

I I> 

Inf 
u=~onaB2 I! 

lvu12 
II E H’(B’,.S’) y L 

where v, is some smooth function with zero degree, as a consequence of the nondensity of 
smooth maps in H’(B3, S’), which have values in S2. Hardt and Lin pointed out in [l] that the 
infimum above is not the same as the infimum on C3’(B3, S’). More precisely, they introduced 
a relaxed energy: for functions in H1(B3, S2), and showed that the infimum of the relaxed 
energy on H’ equals the infimum of the energy on e1(B3, S’). 

In this paper, by analogy with a certain problem encountered in plasticity [2-41, we consider 
a similar problem on W13’(B2, S’), namely 

n Inf 
u=qo”aB2 \I 

’ lvul 

II E W’.‘(B*,.S’) ’ ’ 

where I I denotes the Euclidian norm on IR4, and firstly ask the question to find out if this 
infimum is the same as the one taken on the functions of C?‘(B2, S’). As in the case of 
H’(B3, S’), and due to the lack of density of smooth maps with values in S’ in the space 
W’,‘(B2, S’), we observe in Section 1 that there exists CJ in C3’(8B2, S’), such that 

Inf t lvul < ’ Inf 
U=(OOllaB2 

u E W’(B’,.S’) 
u=rponaB2 I/ 

- Ivul. 

u l t?‘(B’,.S’) ” ’ 

In the second section, we introduce the relaxed energy: 

’ 
\I 

- lvuj + 27cL(u) 
I I 

where L(u) can be defined in terms of u (see Section 2). For example, when u is regular outside 
of a finite number of points a, , . . . , LIP, we can assume by repeating them, that each of them 
has degree one or minus one, and in that case L(u) is the length of a minimal connection which 
links a point of degree one to a point of degree minus one. One of the difficulties is that, 
unfortunately, in general one cannot assert that the two problems considered before possess 
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a solution in W’s’ (or in e’). But, nevertheless, we overcome this difficulty and finally show in 
Section 2 that 

In the third section, we show that the problem above has the same infimum as the well-known 
problem 

Inf 
# = O,onaB* \I 

Iv4 

OEC’(B*,R) ’ ’ 

and eiov = cp. If 0, is C3’, then regularity results in the theory of minimal surfaces show that 
there exists a solution B which is Lipschitz, hence W’,‘. Then one can prove that u = e” is a 
solution of our problem, which belongs to C?(B’, S’) r‘l WI*‘. A more difficult question is 
whether it is possible to know if, when the boundary data are so that a gap exists, there exists 
a minimizer u in W”’ to the problem 

Inf I, = rp on aB2 \I lvul. 
I, E iV’.‘(B’,S’) - ” 

We conclude this paper by considering an analogous problem with a nonzero degree boundary 
data, 9(x) = x on dB2 and proving that U(X) = x/lx1 is the only minimizer in W”‘(B’, S’). 

1. EXISTENCE OF A GAP PHENOMENON 

Let B2 be the unit ball in Rz and S’ be the unit sphere in R2. Let 9: S’ + S’ be a given 
boundary data which is supposed to be at least C3’,ly with Q! > 0. We consider the problem of 
minimizing the energy { S IVU~ in the classes 

U(9) = (~1 E W’-‘(B2, S’), u = 9 on dB2], 

U,,,(9) = (u E C2’(B2, S’) n W”‘(B2, S’), u = 9 on aB2]. 

and we define 

and 

3 3 

E(p) = Inf 
iI 

IPUI (1.1) letup) I, <, 
> I 

-%,(d = Inf 
Ii 11 E q,,(v) I 1 Ivul. (1.2) 

Let us remark first that if 9 has nonzero degree, it cannot be extended smoothly in B2, hence 
U,,,(9) = @ and E,,,(9) = +a. If 9 has zero degree, 9 can be extended smoothly inside B2 and 
there is no topological obstruction to the fact that E,,J9) = E(9). 

In the three-dimensional case, Hardt and Lin [l] exhibit boundary data 9 so that: 

A precise estimate of the gap above was given in [5] for some 9. Here we seek to prove that the 
same phenomenon holds for the two infima defined above. This can be stated as in the 
following theorem. 
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THEOREM 1. For any E > 0, there exists a smooth function ~0: S’ -+ S’, with zero degree, such 

that 
E(q) I 47re + 2E 5 47r - 2E 5 E&(o). (1.3) 

Proof of theorem 1. The proof follows closely the technique employed in [5] (see also [6]). 
Along the north pole N and the south pole axis are placed two dipoles with the same orientation 
(p, , n,) is centred at N, and (p2, n2) is centred at S. We assume in addition that Ipi - nil = E 
for i = 1,2, E is given and small. We use the following lemma (see [7] for its analogue in the 
three-dimensional case). 

LEMMA 1. Let r > 0, q > 0, d E 12 be given and denote by C’ the square l-r, +r[‘. Let v, be a 
smooth map from &Y to S’ having degree d,. Then there is some 0 < 01~ < r/2 such that for 
every 0 < o( < CQ, there is some smooth map @ from Kr into S’, so that 

U, has degree d on Xr 

U, = v, on acr\]-ol,+a[~ (r) 
,I 3 

\I 
Iv@1 5 2nld - d,l + v. 

I, I’ 

Remark 1. Lemma 1 still holds if we take for C’ the ball B2(0, r). 

(1.4) 

Remark 2. The proof which follows is an adaptation of the one employed in the three- 
dimensional case by Brezis and Coron. In fact, this result may also be proved in a more 
elementary fashion, using the construction in lemma 3 of Section 2. 

Proof of lemma 1. We can assume, without loss of generality, that r = 1, d, = 0 and d = 1, 
and denote by C the square C’ = [-1, +112. We can also assume that 

0 
m 1) = 1 . 0 

Given E > 0 we consider qE : X + S ’ : 

%(X7 1) = $$ (-;) + (0) if 1x1 <e/2 

vc(x, 1) = 
(J 

a,x + b, 

1 - (alx + b,)2 > 
E/2 I x 5 & 

9,(x7 1) = 
a2x + b2 

- 1 - (a2x + b2)2 > 
&5X5--E/2 

where A = (~/2)~ and a,, bj for i = 1,2 are determined in such a way as to make qc continuous 
on ac. 

We estimate the integral of Ivy7,l on X: 

1 IV%l = [ I IV%l(X~ 1) + 
/ 

Ivy?el(x~ 1) + 
I 

Iv@ 
, ac <, 1x1 <E/2 < E/2 < 1x1 CE K\{lxl <E, I] 

= I + II + III. 
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Easy computations show that 

I= 
/ 

2A 

~ ,x, < c,2 FE? dx = 27T + cl& 

II = c,,, 

where C,, and C,, go to zero with E. Thus 

7 

I Iv% = 27r + c,, + c2, 

ttx, 1); /XI < EJ. 

We now compute the degree of v)~: 

deg(9,) = & 
\ 

n A ff(v,) 
, ac 

where H(p) denotes the vector field (see [8,9]): 

H(P) = (u, A P,, 3 P A v,,) 
or, more precisely, 

(1.5) 

1 s 

=-I 2-c ~, 1x1 s E 
CP,,, A lo, - v,, A v) 

1 s 

-I 2n ~ /X/S& 
V)E,X A rp + o(l) 

1 ’ 

=-ii 2TI 
(P,,, A V) + 

%I 
Vc,x A V 

I 
+ o(1) 

~ 1x1 5 c/2 E/2 5 1x1 i E 

= I + II + o(1). 

We have 

i D*n 
I Ix/ <c/2 

1 s +c/2 

=-I 

2A 

277 I -_E,2 z-7 

= 1 + o(1). 

Now, it is easy to check that ll~~,,ll~ is bounded independently of E on 42 5 1x1 5 E and then 

L_& lfP = O(&). < 
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Hence, 

degp, = 1, since deg v)~ E Z. 

Taking E small enough in order to have 2C, < q and @ = pc, this ends the proof of lemma 1. 

We now come back to the proof of theorem 1. Let X: R + S’ be the inverse of the stereo- 

graphic projection from the north pole N, namely 

We have 

Jvnl = A 
1 +x2’ 

and thus > 

/ 
IVn( = 2Tr. 

.R 

We now apply lemma 1 with B’(O, 1) in place of C’ and S’ in place of aCr, p = cte = N 
(which has zero degree), d = 1, and find a smooth map U, satisfying 

deg U, = 1 (1.6) 

@=N on (e’“, ICY 2 CY~) (1.7) 
> > 

II 
lV@l I 27r + E. (1.8) 

I II 

Set w, = @J 0 7r, w,: R + S’, verifies 

deg w, = 1 (1.9) 

o, = N far out (1.10) 

1 
Iw;l I 27r + E. (1.11) 

.R 

Since S \odl is invariant under dilation, we can assume that o, is constant and is equal to N 
outside /xl I 1. Next, we consider the map $E: R2 + S’ defined by 

(N if 11 - yl > c/2 

4,(x, Y) = 
i ( X 

a& (E/2)2 - (1 - _Y)2 > 
if 11 -yl 5 c/2 

and then set 

&,,(x, Y) = 4,(nx,_v). 

The map 4,,, is smooth on R2\(p,, n,), and equals N outside V, = ((x, y), n(x) + (1 - y)‘) 5 
(~/2)~, which is a small neighbourhood of (0, 1). We now estimate the energy: 

ah E n 

d = (&2)2 _ (1 - y)* 4 ( nx 

ax (E/2)2 - (1 - y)* > 

a+, E -nx(2(_Y - 1)) 

1 = ((E/2)2 - (1 - y)2)2 O: ( 

nX 

aY (E/2)2 - (1 - y)2 > 
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so that 

where C, = rnaxlwil. It follows that 

(To compute the first integral we have used the change of variables 

Therefore, we obtain 

<= 
nx 

(E/2)2 - (1 - y)2. 

I 8C E2 
Iv& 5 &(27r + E) + E 

<, Ih’* rl 

and the conclusion follows by choosing n large enough. 
Thus we have constructed a function 4, such that 

Using the same technique, we obtain a map I,V~ which is smooth except at the points [pi, n,), 
i = 1, 2, which is constant except on B(N, c/2) and B(S, e/2) such that 

I > 

!I Ivw,I 54X& + 2E. 
, I 

Define v, to be the restriction of wc to S’ (so that 9 is smooth and has degree 0). We can use 
yc as an admissible map for problem (1.1) and find 

I . 

inf II Ivul 547-r& + 2E 
II t U(V) I I 

(1.12) 

and the first part of theorem 1 is proved. For the proof of the second part, we use for every map 
u in W’3’(B2, R2) n L”, the vector field H(u) defined in (1.5), and remark that when u has 
values in S’, we have 

Wwl2 = IVU 

where / I2 denotes the Euclidian norm on R2. For the sequel we shall need the following lemma. 

LEMMA 2. Let u be in c’(B~\UE, (a;]). Then we have 

Curl(H(u)) = 27~ jJ d,6,,,, 
i= I 

where dj = deg(u, a;). 



Relaxed energies for functionals 631 

Proof of lemma 2. It is easy to verify that 

Curl(H(u)) = 0 in R2\U (ai). 

Then we deduce that Curl(H(u)) is a distribution supported by the a;. Since it is the derivative 
of an L’ function, it can only be a linear combination of Dirac masses on the a;, and then 

Curl(H(u)) = C Cisa,. 

To compute the Ci, we integrate on a small ball B around CI, . We see that using Stoke’s 
formula: 

c; = 
! 

Curl(H(u)) = z A H(U) 
,B 

= 27~ deg(u, a;). 

This concludes the proof of lemma 2. 

Now let u be a smooth map such that u = v, on ~36~ and < E C3’(B2) be such that /V<l, 5 1. 
We have 

2 I H(u) Curl < 

(since Curl H(u) = 0 for u smooth). Choosing 5 so that 5 = 0 on B2(S, a/2) and < = 2 - E 
on B2(N, e/2) we obtain 

1 I 

!i B* lvul 2 (2 - &I @A M(o)) do 
, , S ’ n B+V, &/2) 

= 27r(2 - E) 

since 

(nr\H)da = deg(W,,P) = 1. 
S’fAB’(N,c/Z) 

Hence E reg L 47~ - 2s, which concludes the proof of theorem 1. 

2. THE RELAXED ENERGY 

2.1. Definition and preliminary results 

We start with some definitions and properties of the vector field H(u) for u E W’,‘(B’, S’). 

Definition 1. Let u, IJ be in W’,‘(B2, S’), we define 

u x u = (u,u, - u2v2, UlU2 + u2l4). (2.1) 
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Properties. It is easy to check that 
(i) W’, ‘(B2, S ‘) is an Abelian group under x , (1,O) is its unit and the inverse of u = 

(U,, u2) is UP’ = (u,, -u2). 
(ii) H(z.4 x v) = H(u) + H(v). 

Definition 2. Let p: S’ + S’ be a given boundary data with zero degree. If u E U(P) we 

can define 

L(u) = L sup 
i i 

- H(u)(Curl<) + 
271lV(lSl , i 

H((0) A Z . 

~ aBz I 

(2.2) 

The functional L(U) can be related to the length of a minimal connection when u is regular 
outside of a finite number of points, as stated in proposition 1 below. 

PROPOSITION 1. Let u be in U(q) and assume that deg(cp) = 0. Assume in addition that u is 
regular outside of a finite number of points. Then we have 

L(u) = inf i d(p,, n,cj,) 
0 r=l 

(2.3) 

where {p,, . . . . pkJ is the set of singularities of positive degree (counting according to their 

multiplicity) and (n, , . . . , n,) is the set of singularities of negative degree, d is the distance in B2 
and the infimum in (2.3) is taken over all permutations G of the symmetric group. 

The proof of proposition 1 is the same as its analogue in the three-dimensional case (see [S]). 
The following result asserts that L is continuous on U(p). 

PROPOSITION 2. We have the following inequality 

for every U, u in U(p), where C is a universal >O constant. 

Proof of proposition 2. Set 

(H(u) - H(v)) Curl [ . 

Gnceu=v=y?onS’wehave 
,a 

L(U) - L(V) = - H(u)Curl[ + H(u)Curl[ 
I I < I 

and therefore 

We now write 
IL(U) - L(v)1 I L(U, v). 

W(u) - H(u)) Curl i = u A [-(u - ~),,i,~~ + (u - u),_b3i,,l 

+ (u - U)A [-u,,I,y + u,,,i,.rl 

= I + II. 

(2.4) 

(2.5) 

(2.6) 

(2.7) 
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We clearly have 

633 

(2.8) 

Using the fact that u = u = v, on S’, and integrating by parts we obtain 
I> ,I 

I I 
11 = (u - a,, A (-UC,,) + 

1 
(u - u),y A (@,x) 

Y 
and therefore 

Ii I 

I> 

II 5 IV@ - u)\. 
! < 

(2.9) 

Using (2.6)-(2.9), we obtain the conclusion of proposition 2. We now give the main result of 
that section. 

THEOREM 2. Let u be in U(p). Then there exists u, E U,,,(p) such that 

COROLLARY 1. 

lVul + 2nL(U) 

Remark 3. We do not know for the moment if the infimum on the left-hand side above is 
achieved, since we are not allowed to use the argument of lower semi-continuity as in [7], since 
W1s1(B2, S’) is not reflexive. 

Proof of theorem 2. We denote by Rj the set of u E U(q), which are C” outside of a finite 
number of points. A first key ingredient in the proof of theorem 2 is the following approximation 
result, which is the analogous of a result in [lo]. 

PROPOSITION 3. Assume that u E U(p). Then there exists a sequence u, in Rj , such that 

u, -+ u in W’s’. 

We do not give the proof of proposition 3, because it follows the steps of the analogous result 
given in Bethuel [lo] for p > 1: it suffices to adapt the techniques of construction of the approxi- 
mation u, of u proposed there by choosing the cubes C, (which are square here) such that u is in 
w’~‘(X,), hence continuous on K’, . Note that the strong convergence of u, to u in propositions 
2 and 3, implies that 

L(%l) + L(u). 

In particular, the sequence of the lengths of minimal connections between the singular points of 
u, given in proposition 3 is bounded in R. We are now allowed to assume that u is regular outside 
of a finite number of points (u E Rf) and want to prove that there exists u, E C”(B’, S’), 
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such that 

and 
u, + u in L’, 

For that aim we use the second key ingredient of the proof: we “remove” the singularities of 
u: if u has two singularities P and N with opposite degree (d] and l-d), we can find u, which 
equals u outside of a small neighbourhood of the segment [PN], and u, + u in L’, 

The process may be generalized to a finite number of singularities P;., N, with opposite 
degree, using the standard approximation given in proposition 4 below, together with the 
group law described in Section 2, definition 2. Indeed, denoting by (o,(d,, Pi) a sequence 
given by proposition 3, such that rpi = (1, 0) outside of a little neighbourhood of [P, IV,], 
deg(y?, ,c) = d,, deg(yl, , NJ = -dj, and 

We can define 
Curl(H&) = 27@t,l - atN,l)dj. 

u, = f&i x . . . x q?& x u 

and verify that 
u, = q on aB2, and Curl(H(u,)) = 0. 

Moreover, by property (ii) in Section 2, 

u, having only singularities of degree 0, u, may be approximated in W’,’ by functions of 
CZm(B2, S’) (see [l l] or [16]). We now state proposition 4. 

PROPOSITION 4. Let P and N be two distinct points in R2, and d E h.. For every n E tN, there exists 
a neighbourhood V, of diameter at most 2/n of [P, N], and amap p,, which is CF’(lR2\(P, NJ, S’), 
such that pn = (1,O) outside of V,, deg(v,(P)) = d, deg(yl,(N]) = -d, 

Ii IVp,,I + 2ndlP - NI. 
<I c 

Remark 4. It will suffice to establish the result with d = 1. Indeed, if qn is given by proposition 4 
ford = l,themapylf = pnx ... x q,, verifies all of the conclusions in proposition 4. 

d times 



Relaxed energies for functionals 635 

Remark 5. The result in proposition 4 can also be obtained by the method employed by Bethuel 
in [lo]. Our proof seems more natural but is very specific to the case of S’. 

The main ingredient of the proof of proposition 4 is contained in lemma 3 below. 

LEMMA 3. Assume that 0 E Q, Q is a bounded e’ open set in R2. There exists 8, E e”(fi\(O), S’), 
8, = (1,0) outside of (X > 0, lyl 5 x/n) fl fi, such that deg(B,, (0)) = 1, Curl(H(B,)) = 27~8~~) 
and 1 I 

iI 
/ ve,l + 27rd(O, asz) 

t I 

(where d(0, X2) denotes the distance of 0 to the boundary of Q). 

COROLLARY 2. Assume that a E C2 then 

1 1 

inf 
II E e’(BZ\{o),s’) /! lvul = 27rd(d(a, XI)). 

, ~ 

deg(u, (CT}) = rl 

Proof of lemma 3. Let us define for x > 0, 1 yl 5 x: 

u’(X,Y) = 
6x2y2 - (y4 + x4) -4xy(x’ - y2) 

(x2 + y2)2 ’ (x2 + y2)2 > 

We write 

= (1, 0) elsewhere. 

U(X,Y) = 
( 

U(Y/X) XfO 
(_l,o) x=0 

where 

u(t) = 
6t2 - (1 + t4) -4t(l - t2) 

(1 + ty ’ (1 + ty > . 

Differentiating u, we find 

v’(t) = ( -4V, 4v, 

(1 + P) (1 + P) > ’ 
hence 

= (x2 z y2) C-Y, 4 for 1~1 5 x, x > 0, 

H(U) = 0 elsewhere. 
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From these computations, we derive that 

Curl(H(u)) = 2n&), 

and to obtain the conclusion of the lemma, we consider 

0,(x, Y) = u(x, V). 

Then, 6, = (1,0) outside of x > 0, lyl 5 x/n, 

4n 

H(B,) = x2 + n’y’ 
C-Y, 4 for IyI 5 X, x > 0, 

lo elsewhere. 

Hence, 
Curl(H(0,)) = 273,). 

By differentiating 0,, , B,,, with respect to x and y, one obtains 

hence 

= 27ra. 

We now come back to the proof of proposition 4. We may assume that P = (-a, 01, N = (0, a), 
a > 0, and define ~1, as follows 

(o,(x,~) = 6,(x + a,y) for-a<x<O 

= &(a - KY) for 0 < x < a 

= (l,O) everywhere else. 

p, has only P and N as singular points, with CurlH(y7,) = 27r(6,,) - a,,)). By computing 

SS IVc4l, one gets 
‘a ’ 

W,(x + a, Y) @I + I I P&Ax - a,y) dyl do 
.o I 

= 2ax2n 

= 2zlP - NI. 
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We now complete the proof of theorem 2. We denote by vb the function given by proposition 
4 for the degree di and the couple pi, Ni - q,, = 9: x cp", x . . . x g verifies 

MP,) = c H(&, Pn = (I, 0) 

outside of a small neighbourhood of the union Ui [Pi, Nil and 

CurlMy?,)) = C Curl(M&) 

= c 27&@{P,} - +V,,). 

Then U, = u x pi' verifies u, = u outside a small neighbourhood of U [P;, N;], 

Curl H(U,) = Curl H(U) - C 2rrdi(6,, - a,,) = 0. 

An easy computation gives 

Iu1*1vul* = I(H(u))12 + Iu * W)12, 

and then when IuI = 1 one obtains 

/V&l2 = IH(%x 

Ivu,l = IV@ x &)I 

= lb4xcv, + Ifm x cdh”~ 
where V, is a small neighbourhood of lJ [P;, Nil outside of which p,, = (1,O). 

Ifm x K3XV” = Ifw - fm,h, 
and since H(U) E L’, IV, IH( + 0. We have finally obtained that 

1 Iv4 = 1 lvul + i, IH~y?,~l + 41) 

= ” Iv24 + I i IW,)I + o(l) 
< RZ 
1 

= I lvul + 271 c d;lr: - Nil + o(l), 

which ends the proof of theorem 2. 

Let us note that the proof above also implies the following corollary. 

COROLLARY 3. Let u be in U,. Then 

Inf Ivu - VU1 5 27TL(U). 
u E I,,, 

Indeed, for n E N, let us take U in Ri, such that 

Ivu - vu1 5 l/n and 27$5(u) - L(U)( 5 l/n. 
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B! the proof above, one can take U, in C?(B*, S’) such that 

and 

We then have 

pn = (1, 0) outside a small set V, , 

> I 

II 
Iv& 5 l/n, 

I I K, 

> ,> 

I! 
[vy7,1 I 2nL(tl) + l/n. 

I I “” 

Remark. From this proposition, we are able to prove that every u in HJ”~‘(B*, S’) is a weak 
limit (in the BV sense) of smooth maps (see [12] for more details). 

3. THE MINIMIZERS FOR PROBLEMS (I. 1) AND (1.2) 

We now try to solve the problem 

(3.1) 

For that aim, we assume that q~ is in C?!,‘,“(JB2), with cx > 0. Then it is easy to see that the 
problem above has the same infimum as: 

L inf 
0 E e”sCx(B*, rn) Ii (3.2) 

B=BoonaB2 L L 
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where 0, has been chosen in C”,“(6’B2, I?), such that v, = eie 9. This type of problem has been 

studied by many authors as a model problem encountered in the theory of minimal surfaces. 
Recent results of Sparks in [13] and finally Sternberg et al. showed in [2] that problem (3.2) 
possesses at least one solution 0 in C 0,n’2(BZ, IR). Consequently, U = eie is a solution to problem 
(3.1), and it is in eoYa” (I%‘, S’). Let us note that, in general, when the domain is not as nice as 
B2, and when the boundary data By7 is not Holder continuous, we have no existence result, and 
we are only able to prove that there exists a solution to the boundary data relaxed problem: 

(3.3) 

which has the same infimum as (3.2) (see [3] for example). Unfortunately, the minimizer 0 is 
only in BV(B2, R) and we should tend to say that ers is a “minimizer” for a relaxed boundary 
data mroblem: 

where h has to be precised (h(x) z 0, h(x) = 0 # x = 0). This will be studied in a future work. 
Another point of interest is the following. We have proved in the previous section that 

lvul + 27rL(u) = 

and it is then natural to wonder if there exists a minimizer in W’,‘, with at least two 
singularities. 

This is also the object of a work in preparation. 

4. PROBLEMS WITH FREE SINGULARITIES 

We are interested in this section in the problem of minimizing the energy in the class of maps 
U, where cp is not a zero degree map. This class allows, of course, point singularities. We begin 
to prove the analogue of a result in [8] (see also [15]). Let q(x) = x be the identity map on dB*. 
Our result is the following theorem. 

THEOREM 3. The map u(x) = x/lx] is a minimizer for (1.1). 

Proof of theorem 3. We have 

IVW = ;, 

and then 

hence 

~s,,iVul = l:$:rfdrd0=2n; 

inf 
u(w) =x on aB2 

Bz IVUJ 5 2n. 
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It remains to prove that, for every E > 0, 

inf 
ii u(x)=xonaB2 I 

Iv24 2 2rr - E. 
~ By 

To that aim, we cannot use a priori a minimizer in W’, ‘, which has a finite number of 
singularities, as it is done in [8] for the analogous problem in H’(B3, S2). 

However, by the density result related in Section 2, proposition 3, one can assume that there 
exists some u in FV1V’(B2, S’), which is e’ outside a finite number of points a,, . . . , ak such that 
U(X) = x on aB2 

,I 1 

[vu1 5 inf 
BZ v E W’.‘(BZ,S’) Ii 

lvul + E. 

u(x)=xo”aB2 L c 

Then it suffices to show that if u is regular outside of a finite number of points in B2 and 
U(X) = x on aB2, 

> 1 

I! 
lvul 2 2n. 

c I 
We use the H field, and write 

(H(g) A n’)i 

= Sup -2~ C dlr(aj) + 

i i 1 

< 

, aB= 

since H(g) A Z = 1 on aB2. From this we see, taking first [ = 1, that 

; d;= 1. 
i=l 

Secondly, we write 

where v = 1/27r de on aB2 and ,u = C diaQ,), so that v and p are two probability measures 
on L?‘. We now use theorem 7.5 in [S] to obtain that 

then it remains to show that the infimum on the right-hand side is obtained for y = 0 (or 
equivalently that it is larger than 1). We use the symmetry of aB2 to write 

[2T le” - y( = i[ [2r (eie - yl de + 1’” leis + y/ de) 
-0 .0 .0 

‘2n 

r+ 
I 

2le”l de = 27r; 
.0 

hence we obtain the desired result. 
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Let us note that in the case of W1,‘(B2, S’), a very simple argument, which is due to Alouges 
[ 141, is the following; when u has values in S’, we have at every point IVul(x) 2 ldivul(x). 

Indeed, assume that U(X) = (1,O) then VU,, = (0, a), u,~ = (0, b) and IVu( = m, 
ldivul = 161. Then we have: 

However, the first proof above permits the realization that, as in [S], U(X) = x/lx1 is the only 
minimizer in W’~‘(B2, S’). 

1. 
2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 
13. 
14. 
15. 
16. 
17. 

REFERENCES 

HARDT R. & LIN F. H., A remark on H’ mappings, Manuscripta math. 56, l-10 (1986). 
STERNBERG P., WILLIAM G. & ZIEMER W., Existence, uniqueness and regularity for functions of least gradient, 
Preprint, Indiana University, Bloomington. 
TEMAM R,, Prob/?mes matht+na/iques en plasticit&, Collection Methodes Mathematiques de I’Informatique. 
Gauthier-Villars, Paris (1983) [English translation, Gautheir-Villars, New York (1985)]. 
DEMENGEL F., Some compactness theorems for spaces of functions with bounded derivatives, Archs iv/ion. Mech. 
Analysis 105, 123-161 (1989). 
BREZIS H., Liquid crystals and energy estimates for S*-valued maps, in Theory and Appliculions ofLiquid Crystals 
(Edited by .I. L. ERICKSEN and D. KINDERLEHRER). IMA, Vol. 5. Springer (1987). 
BREZIS H. & CORON .I. M., Large solutions for harmonic maps in two dimensions, Communs Mafh. Phys. 
92, 203-215 (1983). 
BETHUEL F., BREZIS H. & CORON J. M., Relaxed energies for harmonic maps, in Vuriafional Problem (Edited by 
H. BERESTYCKI, J. M. CORON and I. EKELAND). BirkhCuser, Base1 (1990). 
BREZIS H., CORON _I. M. & LIEB E., Harmonic maps in two dimensions, Communs Math. Phys. 107, 649-705 
(1986). 
DEMENGEL F., Une caracterisation des applications de W ‘.P(B,v, S’) qui peuvent Ctre approachees par des 
fonctions reguli?res, C. r. Acad. Sci. Paris 310, 553-557 (1990). 
BETHUEL F., A characterization of maps in H1(B3, S’) which can be approximated by smooth maps, Ann. Inst. 
PoincurP 7(4), 269-286 (1990). 
BETHUEL F. & ZHENG X., Density of smooth functions between two manifolds in Sobolev spaces, J. funct. Analysis 
80, 60-75 (1988). 
DEMENGEL F., On the weak density of smooth maps in BV(B”, S’), Indiana mafh. J. (submitted). 
SPARKS H., Explicit determination of area minimizing hypersurfaces, Duke math. .I. 44 (1977). 
ALOUGES F., private communciation. 
BREZIS H., Sk-values maps with singularities, Montecutini Lecture Notes. Springer, New York. 
DEMENGEL F., On the density of smooth maps in Sobolev spaces between Bv and Sk for k = 1,2 (to appear). 
SCHOEN R. & UHLENBECK K., A regularity theory for harmonic maps, J. diff. Geom 17, 307-335 (1982). 


